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Abstract. This is the second in a series of three papers in which we initiate 
the study of very rough solutions to the initial value problem for the Ein- 
stein vacuum equations expressed relative to wave coordinates. By very rough 
we mean solutions which cannot be constructed by the classical techniques 
of energy estimates and Sobolev inequalities. In this paper we develop the 
geometric analysis of the Eikonal equation for microlocalized rough Einstein 
metrics. This is a crucial step in the derivation of the decay estimates needed 
in the first paper. 



1. Introduction 

This is the second in a series of three papers in which we initiate the study of 
very rough solutions of the Einstein vacuum equations. By very rough we mean 
solutions which can not be dealt with by the classical techniques of energy estimates 
and Sobolev inequalities. In fact in this work we develop and take advantage of 



Strichartz type estimates. The result, stated in our first paper [Kl-Rol], is in fact 
optimal with respect to the full potential of such estimates]]. We recall below our 
main result: 

Theorem 1.1 (Main Theorem). Let g be a classical solutiot^ of the Einstein equa- 
tions 

iW(g) = o (l) 

expressed^ relative to wave coordinates x a , 

V = ^(sHel 9u)x a = o. (2) 

We assume that on the initial spacelike hyperplane £ given by t = x° = 0, 
Vg a/3 (0) e H'-^Ji) , 9 t g Q/3 (0) e H S -\Z) 



1991 Mathematics Subject Classification. 35J10. 

*To go beyond our result will require the develo pment o f bilinear techniques for the Einstein 
equations, see the discussion in the introduction to frvl-Rol| . 
2 We denote by R a p the Ricci curvature of g. 

3 In wave coordinates the Einstein equations take the reduced form 

s a0 dad g^= N^( s ,a g ) 

with N quadratic in the first derivatives 9g of the metric. 
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with V denoting the gradient with respect to the space coordinates x l , i = 1, 2, 3 and 
H s the standard Sobolev spaces. We also assume that g Q ^(0) is a continuous Lorentz 
metric and supi x i_ r |g Q/ g(0) — m Q( g| — ► as r — ► oo, where \x\ = (X}j=i |a^| 2 )^ 
and m a/ 3 £/ie Minkowski metric. 

We s/iouQ i/ia£ the time T of existence depends in fact only on the size of the norm 
ll<9g^(°) /or any fixed s > 2. 



In [ Kl-Rol ] we have given a detailed proof of the Theorem by relying heavily on a 
result, we have called the Asymptotic Theorem, concerning the geometric properties 
of the causal structure of appropriately microlocalized rough Einstein metrics. This 
result, which is the focus of this paper, is of independent interest as it requires the 
development of new geometric and analytic methods to deal with characteristic 
surfaces of the Einstein metrics. 



More precisely we study the solutions, called optical functions, of the Eikonal equa- 
tion 



H^d a udpu = 0, 



(3) 

associated to the family of regularized Lorentz metrics -ffm, A € 2 N , defined, start- 
ing with an H 2+t Einstein metric g, by the formula 

H W =P< A g(A- 1 t,A- 1 x). (4) 

whereP] P<a is an operator which cuts off all the frequencies aboveP] A. The impor- 
tance of the eikonal equation (||) in the study of solutions to wave equations on a 
background Lorentz metric H is well known. It is mainly used, in the geometric 
optics approximation, to construct parametrices associated to the corresponding 
linear operator Oh- In particular it has played a fundamental role in the recent 
works of Smith |fnj, Bahouri-Chemin jBa-Chl|l , |Ba-Ch2| and Tataru (|Tal|,|fra^ 
concerning rough solutions to linear and nonlinear wave equations. Their work 
relies indeed on parametrices defined with the help of specific families of optical 
functions corresponding to null hyperplanes. In [|kJ, [Kl-Ro], and also Kl-Rol| 
which do not rely on specific parametrices, a special optical function, correspond- 
ing to null cones with vertices on a timelike geodesic, was used to construct an 
almost conformal Killing vectorfield. 



The main message of our paper is that optical functions associated to Einstein 
metrics, or microlocalized versions of them, have better properties. This fact was 



already recognized in |Ch-Kl| where the construction of an optical function normal- 
ized at infinity played a crucial role in the proof of the global nonlinear stability of 
the Minkowski space. A similar construction, based on two optical functions, can 



e.g. T < 1. This a purely technical 



4 We assume however that T stays sufficiently small, 
assumption which one should be able to remove. 

5 More precisely, for a given function of the spatial variables x = x ,x 2 ,x 3 , the Littlewood 
Paley projection P <x f = E M < i a P m/> P m/ = :F ~ 1 (x(m -1 £)/(0) with X supported in the unit 
dyadic region i < |£| < 2. 

6 The definition of the projector P<a in [ Kl-Rol was slightly different from the one we are 



using in this paper. There P<a removed all the frequencies above 2 M °A for some sufficiently 
large constant Mq. It is clear that a simple rescaling can remedy this discrepancy. 
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be found in Kl-Nfl . Here, we take the use of the special structure of the Einstein 
equations one step further by deriving unexpected regularity properties of optical 
functions which are essential in the proof of the Main Theorem. It was well known 
(see [Ch-Kl , [Kl|, [Kl-Ro]) that the use of Codazzi equations combined with the 



Raychaudhuri equation for the tr\, the trace of null second fundamental form x, 
leads to the improved estimate for the first angular derivatives of the traceless part 
of x- A similar observation holds for another null component of the Hessian of the 
optical function, 77. The role of the Raychaudhuri equation is taken by the transport 
equation the "mass aspect function" /1. 



In this paper we show, using the structure of the curvature terms in the main 
equations, how to derive improved regularity estimates for the undifferentiated 
quantities x an( A ?]. In particular, in the case of the estimates for rj we are lead to 
introduce a new non local quantity /Jl tied to /x via a Hodge system. 

The properties of the optical function are given in details in the statement of the 
Asymptotics Theorem. We shall give a precise statement of it in section 2 after we 
introduce a few essential definitions. 



The paper is organized as follows: 



In section ^| we construct an optical function u, constant on null cones with 
vertices on a fixed timelike geodesic, and describe our basic geometric entities 
associated to it. We define the surfaces St, u , the canonical null pair L, L and 
the associated Ricci coefficients. This allows us to give a precise statement of 
our main result, the Asymptotic Theorem 2.5. 

In section ^ we derive the structure equations for the Ricci coefficients. These 
equations are a coupled system of the transport and Codazzi equations and 



are fundamental for the proof of theorem 2. 5. 

In section |] we obtain some crucial properties of the components of the Rie- 
mann curvature tensor R Q( a 7 a. 

The remaining sections are occupied with the proof of the Asymptotic Theo- 
rem. We give a detailed description of their content and strategy of the proof 
in section |^. 



The paper is essentially self-contained. From the first paper in this series Kl-Ro l| 
we only need the result of proposition 2.4 (Background Estimates) which in any 
case can be easily derived from the the metric hypothesis (|J), the Ricci condition 
([[]), and the definition ([I]). We do however rely on the following results which will 
be proved in a forthcoming paper [Kl-Ro3|: 



• Isoperimetric and trace inequalities, see proposition S.16 

• Calderon-Zygmund type estimates, see proposition |l6|~ 

• Theorem 8.1 



We recall our metric hypothesis( referred in |Kl-Rol|, section 2 as the bootstrap 
hypothesis) on the components of g relative to our wave coordinates x a , 
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Metric Hypothesis: 



for some fixed 7 > 0. 



\\ds\\L^ T] m^ + \\dshf T] L T < B , (5) 



2. Geometric preliminaries 



We start by recalling the basic geometric constructions associated with a Lorentz 
metric H = H^) ■ 



Recall, see [Kl-Rol section 2, that the parameters of the E t foliation are given by 
n, v, the induced metric h and the second fundamental form kij, according to the 
decomposition, 

H = -n 2 dt 2 + h l3 (dx l + v l dt) <g (dx j + v j dt), (6) 

with hij the induced Riemannian metric on S f , n the lapse and v = v l di the shift 
of H. Denoting by T the unit, future oriented, normal to T, t and k the second 
fundamental form kij — — < D,;T, dj > we find, 

d t =nT + v, <d t ,v>=0 

kij = -^C T H t j = -\2rr x {d t hij - C v h io ) (7) 

with Cx denoting the Lie deri vative with respect to the vectorfield X. We also 
have the following, see [|Kl-Rol sections 2, 8: 



c|£| 2 c<n 2 -\v\ 2 h (8) 

for some c > 0. Also n, \v\ < 1. 

The time axis is defined as the integral curve of the forward unit normal T to the 
hypersurfaces S t . The point T t is the intersection between T and E t . 

Definition 2.1. The optical function u is an outgoing solution of the Eikonal equa- 
tion 

H af3 d a udpu = (9) 
with initial conditions u(T t ) = t on the time axis. 



The level surfaces of u, denoted C u are outgoing null cones with vertices on the 
time axis. Clearly, 

T(u) = \Wu\ h (10) 

where h is the induced metric on E t , |Vu|^ = X^=i l e »( u )| 2 relative to an orthonor- 
mal frame e; on S t . 

We denote by St,u the surfaces of intersection between Et and C u . They play a 
fundamental role in our discussion. 
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Definition 2.2 ( Canonical null pair). 

L = bL' = T + N, L = 2T-L = T-N (11) 

Here L' = —H a ^dpud a is the geodesic null generator of C u , b is the lapse of the 
null foliation(pr shortly null lapse) 

b- 1 = - < L',T >=T{u), (12) 

and N the exterior unit normal, along £ t , to the surfaces St ;U . 

Definition 2.3. Null frame , e±, e2,e3, 

Definition 2.4 [Ricci coefficients). Let e% = L, e^ = L be our canonical null pair 
and (e A ) A= x t 2 an arbitrary orthonormal framed on St, u - The following tensors on 

St,u 

XAB =< T) A e4, e B >, X AB =< D^, e B >, 

VA = ^ < D 3e4, e A >, V A = 2< D 4 e 3, e A >, (13) 

i A = o < D 3e3,eA > • 
are called the Ricci coefficients associated to our canonical null pair. 

We decompose \ and x m t° their trace and traceless components. 

trx = H ab X ab, tax = H AB x AB , (14) 

-trxH AB , X AB =X AB ~2 



AB' 

Xab = Xab - -trxH AB , £ = v - \taxH AB , (15) 



We define s to be the affine parameter of L, i.e. L(s) = 1 and s — on the time 



axis r 4 . In [Kl-Ro|, where n = 1 we had s = t — u. Such a simple relation does not 
hold in our case, we have instead, along any fixed C M , 

We shall also introduce the area A(t, u) of the 2-surface S(t, u) and the radius r(t, u) 
defined by 

A = Airr 2 (17) 



Along a given C u we have 
Therefore, along C„, 



dA 

— = I ntr X . 



s 



A = 2" trX (18) 



7 ei,e2,e3,e4 forms a null frame. This can always be defined locally, in a neighborhood of a 
point. 

8 This follows by writing the metric on St.u in the form ■y A g(s(t,8),8)d8 a d9 B , relative 
to angular coordinates d 1 ^ 2 , and its area A(t,u) = f y^jd.8 1 A dd 2 . Thus, that —A = 
/ h^lklAB^de 1 A d9 2 . On the other hand ^ 7AB = 2 X ab and %=n. 
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where, given a function / we denote by f(t, u) its average on St. u - Thus 



The following Ricci equations can also be easily derived see [Kl-Ro]. They express 
the covariant derivatives D of the null frame {ga)a=i,2, e 3 , e 4 relative to itself. 

DAe 4 = xab&b - k AN eA, T) A e 3 = X AB e B + k AN e 3 , 

D 4 e 4 = -fcjvjve 4 , D 4 e 3 = 2ry^e^ + k NN e 3 , (19) 

D 3 e 4 = 2v A e A + k NN ei, D 3 e 3 = 2£ A e A ~ k NN e 3 , 

T> 4 e A = p4,e A + V A e 4, ~D 3 e A = p 3 e A + n A e 3 + ^e 4 , 

rt, 1 1 

L> B e A = f B e A + ~xab e 3 + ~x AB e 4 

where, p 3 , p4 denote the projection on St >u of D 3 and D 4 , denotes the induced 
covariant derivative on St jU and, for every vector X tangent to E t , 

k N x = k NX - rT x Vxn (20) 
Thus k^N = k^N — n~ 1 N(n) and k A ^ = k A pj — n 1 V A n. Also, 

X-AB = ~* AB ~ 2k AB, 

V A = k~AN i (21) 



2-A 

and, 



A 

£, = k AN + n _1 Viii - r] A . 



7 lA =b- 1 f A b + k AN . (22) 



The formulas ( 19), (2 1) and (|22|) can be checked in precisely the same manner as 
(2.45-2.53) in [ Kl-Ro |. The only difference occur because DtT does not longer 
vanishes. We have in fact, relative to any orthonormal frame on £ t , 

D T T = n- x ei(n)ei (23) 

To check ( p3| ) observe that we can introduce new local coordinates x l = x l (t,x) 
on E t which preserve the lapse n while making the shift V to vanish identically. 
Thus dt — nT and therefore, for an arbitrary vectorfield X tangent to St, we 
easily calculate, < D T T,X >= rT 2 X i < T>g t d t ,di >= -rT 2 X i < dt,T>dtdi >= 
-n' 2 X l < d t ,T> 9i d t >= -n^X^d, < d t ,d t >= n~ 2 X'\d t {n 2 ) = n - x X{n). 

Equations (21) indicate that the only independent geometric quantities, besides n, 
v and k are tr\, X, n. We now state the main result of our paper giving the precise 
description of the Ricci coefficients. 

Theorem 2.5. Let g be an Einstein metric obeying the Metric Hypothesis (|^) and 
H = -ff(A) be the family of the regularized Lorentz metrics defined according to (ji|). 
Fix a sufficiently large value of the dyadic parameter A and consider, corresponding 
to H = -ff(A); the optical function u defined above. Let Tq be the future domain of 
the origin on T,q. 

Then for any eo > 7 such that 5eo < 7 with 7 from we can extend the optical 
function u throughout the region Iq (~l ([0, A 1_8e °] x R 3 ) and show that in that region 



ROUGH EINSTEIN METRICS 



7 



the Ricci coefficients trx, X, and rj satisfy the following estimates: 

\\trx - + llxlUfz,- + IMU'i- < A-^ 3£0 , (24) 

\\trx - *\\L«( St , u ) + \\xh«(s t , u ) + \\vh«(s t , u ) < A" 3eo . (25) 

In the estimate (118) the function ^ can be replaced with n ^_ u ^ ■ In addition, in 
the exterior region r > t/2, 

\\trx - - s h~(s t , a ) < t- 1 ^, \\xh°°(s t>u ) < t^X'^ + \\8H(t)\\ LS ,, 
IMU~(s t .„) < A" 1 + A" 8 '*" 1 + X<\\dH(t)\\ L ~. (26) 

where the last estimate holds for an arbitrary positive e, e < £q. We also have the 
following estimates for the derivatives of trx: 

11 sup \\L(trx - -)\\ms t , u )hl + II sup WUtrx - J J |U»(g t ..)lUi < A" 3e °, 

(27) 



r> t r r> t n(t-u)' 



II sup \\ftrx\\ms t , u )hl + II sup \\f(trx - — -) 11^(^)11^ < A" 3e ° (28) 

r >t r >t n(i — u) 

In addition we also have weak estimates of the form, 

sup \\(?,L)(trx - ^—) h ) < x c (29) 

for some large value of C . The inequalities < indicate that the bounds hold with 
some universal constants including the constant B from (||). 



3. Null structure equations 



In the proof of theorem 2.5 we rely on the system of equations satisfied by the by the 



Ricci coefficients x, r/. Below we write down our main structure equations. Their 



derivation proceeds in exactly the same way as in [Kl-Rc]( see propositions 2.2 and 
2.3) from the formulas (19) above. 

Proposition 3.1. The components trx, Xi V and the lapse b verify the following 
equations^: 

L(b) = -b~k NN , (30) 

L{trx) + \{trxf = ~\x\ 2 ~ k NN trx - R 44 , (31) 

VaXab + T^trxXAB = -k NN XAB - OL AB , (32) 

PiVA + ^{trx)r)A = -(k B N + Vb)xab - ^trxk A N - \&A, ■ (33) 
Here 6lab = R-4A4B ^ ^R-448ab and (3a = R-4A34- Also, setting, 

V = L(trx)-^(trx) 2 -(k NN + n- 1 V N n)trx (34) 



9 which can be interpreted as transport equations along the null geodesies generated by L. 
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we find 

L(p) + trxn = 2(r/ 4 - r} A )f A (trx) - 2x AB (2f A 7 lB + 2 VAr]B 

+ k NN XAB + trXXAB + XACXCB + 2k AC XCB + R-B43A 

- L(R 44 ) + (2k NN - An- 1 ^ N n))()-(trx) 2 - \x? - k NN trx - R 44 ) 

- (35) 
+ ik 2 NN trx + (trx + Ak NN ){\ X \ 2 + R 44 ) 



- trx \2(k AN ~ VA )n- 1 V A n~2\n- 1 N(n)\ 2 + R 4343 + 2k 



Nm K N 



Remark 3.2. Equation (31) is known as the Raychaudhuri equation in the relativity 
literature, see e.g. ]Ha-E| . 



Remark 3.3. Observe that our definition of /x differs from that in [Kl-Ro|. Indeed 
there we had, instead of fx, 

fi = L(trx) - ^(trx) 2 - 3k NN trx 

and the corresponding transport equation: 

L{p) + trx/i = 2{ri A - r] A )f A {tr X ) - 2 XAB (2f AVB + 2 Va vb 

+ k~N NXAB + t^XXAB + XACXCB + 2k AC XCB + Rb43a) 

- i(R 44 ) - L(k NN )tr X - 3L(k NN )tr X + Ak 2 NN ti X (36) 
+ (tr X + 4k NN )(\x\ 2 + R 44 ) 



We obtain (|35|) from ( |36| ) as follo ws: Th e second fundamental form k verifies the 
equation( see formula (1.0.3a) in [ Ch-Kfl ) , 



C-nThj = — ViVj-n + n(R iT jT - k im k™). 

In particular, 

C-nTkNN = —V%n + n(RjyTNT — kNmk'fj)- 

Exploiting the definition of the Lie derivative C n T, we obtain 

T(k NN ) + 2k(V N T, N) = -n~ x V%n + (TL NT nt - k Nm k^). 
It then follows that 

^L(k NN ) + ^L(k NN ) - 2{k NN ) 2 - 2(k AN ) 2 = -n _1 V 2 vr n + (R NT nt ~ k Nm k^) 
Therefore, 

\k{k NN ) - ]^L{n- l N{n)) = -~L(k NN ) - )^L(n- l N(n)) + (R NT nt + k Nm k%) 

+ n _1 (ViviV)n - n~ 2 |iV(n)| 2 
Recall that fcj\nv — — n~ 1 N(n) and < Vat-/V, e A >= k A jy — rj A . Thus 
L(k NN ) = -L(k NN + n~ 1 N(n)) +2(k AN -rj A )nr 1 \' A n 
- 2|n- 1 iY(n)| 2 + R 434 3 + 2fc A r m fc™. 
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Therefore taking \i = L(trx) — ^(tr%) 2 — (kNN + n 1 N (n))tix we derive the desired 
transport equation (pq). 



Proposition 3.4. The expressions {(fivx)A = ^ B Xab, tfivr) — y B rjB and (cytrlrj) ab 
y ' A<1b — VbVA verify the following equations: 

(4ivx)A + XABk B N = \{f A trx + k AN trx) ~ R B 4AB, (37) 



$vrt=\(n + 2n 1 N{n)tr X - 2\n\ 2 - \ X \ 2 ~ 2k A BXA B ) - ^R Bi3A , 

z \ J * ( 38 ) 

cirl V=\^ AB k AC XcB - \ £ AB R.B43A- (39) 



We also have the Gauss equation 

3 *lAb 2 



2K = X ABX AR - \trxtrx + Rabab (40) 



We add two useful commutation formulas. 

Lemma 3.5. Let T\ A be an m-covariant tensor tangent to the surfaces St tU . Then, 
f B p 4 Tl A -p 4 f B n A = XBcfc^A-n^fgnpiTlA (41) 

+ ^(XAiBkcN - XBck At N + RcA 1 4s)n Al (j Am . 



Also, for a scalar function f, 

f N f A f - f A f N f = ~k AN D 4 f - (n A + k AN )T> 3 f - (xab - X AB )f B f 



(42) 



Proof For simplicity we only provide the proof of the identity (0). The derivation 
of ( [fl| ) is only slightly more involved (see |Ch-Kl|, |Kl-Ro |). We have 



?N?Af - f A f N f = [N, e A ]f - (f N e A )f = (D N e A - f N e A )f - (D A N)f 
Now using the identity N = \{e 4 — e 3 ) and the Ricci equations (19) we can easily 



infer (42) 



4. Special structure of the curvature tensor R 

In this section we describe some remarkable decompositions]^] of the curvature 
tensor of the metric H. We consider given a system of coordinates^ x a relative to 
which H is a non degenerate Lorentz metric with bounded components H a p. We 
define the coordinate dependent norm 

\dH\ = max|9 7 7J Q/3 (43) 

10 The results of this section apply to an arbitrary Lorentz metric H. 
11 This applies to the original wave coordinates x a . 
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We say that a frame e a , e b , e c , is bounded, with respect to our given coordinate 
system, if all components of e a = e"d a are bounded. 

Consider an arbitrary bounded frame e a , e b , e c , and R a fc c d the components of the 
curvature tensor relative to it. Relative to any system of coordinates we can write 

Rated = e^ b e2e s d (d 2 al H ps + d} s H aj - d^H a& - d 2 ag H 0J ) (44) 

Using our given coordinates x a we introduce the flat Minkowski metric m a a = 

o o 

diag(— 1, 1, 1, 1). We denote by D the corresponding flat connection. Using D we 
define the following tensor: 

n(X, Y, Z) = I) Z H(X, Y) 
Thus in our local coordinates x a we have ir a py — d 7 H a p. 

Proposition 4.1. Relative to an arbitrary bounded frame e a , e b , e c , we have the 
following decomposition: 

R-afccrf = D a 7T b(;c + D b 7T acrf - T> a ^bcd ~ Db^dac + E abc d (45) 

where the components of the tensor E are bounded pointwise by the square of 
the first derivatives of H . More precisely, denoting \E\ = ma^ a ,b,c,d \E a bcd\ ~ 
max Q) /3 i7! 5 \Eaf3~fS \, we have 

\E\ < \dH\ 2 (46) 



Remark 4.2. It will be clear from the proof below that we can interchange the 
indices a, c and &, d in the formula above and obtain similar decompositions. 

We show that each term appearing in (^) can be expressed in terms of a corre- 
sponding derivative of 7r plus terms of type E. 

Consider the term R\ — e"e^e2e d d 2 s Hp 7 . We show that it can be expressed in the 
form DaiTbcd plus terms of type E. Indeed, 

T> a Tlbcd = e a {^bcd) — TTr> a bcd — 7TfcD a cd — ^bcT> a d 

= e^daie^eJdsHp^) ~ 7r Dabcd - 7r bDaCci ~ ^bcT> a d 

= Ri+ e a9 a (e d e b e2)dsH^ ~ 7r Dabcd - n b r> aC d - vr bcDad 

= i?i + e^daie^eJdsHp^ - 7r Dabcd - ... 

Now, 

o 

7TD a bcd = D d iJ(D Q e b ,e c ) = e d (D a e b ) eJdsH^ 

Thus, 

D a 7r bcd = R 1 + e{eldsH Pl {e a a d a {el) - (D a e b )' 3 ) 
On the other hand 

(D a e b f = <T> a e b ,d fl >H^ 

= e™d a (e%)- < e b ,D a ^ > H^- < e 6 ,^ > e a a d a {H^) 
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Henceforth, we infer that, 

K abcd ~ UaTTbcd + & abcd 

with 

= e d eJd s H^( < e b ,T> a d^ > H f3 »+ < e 6 ,9 M > e°d a {H p »)). 

Since D a <9 M can be expressed in terms of the first derivativesPlof H we conclude 
that \EV->\ < \dH | 2 as desired. The other terms in the formula (H) can be handled 
in precisely the same way. 



Remark 4.3. We will apply proposition 4.1 to our metric H, wave coordinates x' 



and our canonical null frames. We remark that our wave coordinates are non 
degenerate relative to H, see (0), and any canonical null frame — (T + N), e$ — 
(T — N), eA is bounded relative to x a . 

Corollary 4.4. Relative to an arbitrary frame &a on St tU we have, 

TlABCD — Y 'a^BDC + y ' B^ACD - f 'a^BCD ~ ^ ' b^DAC + EabCD 

(47) 

with E is an error term of the type, 

\E\<(\dH\ 2 + \ X \\dH\). 

and, 

M < \9H\- 



Corollary 4.5. There exists a scalar n, an S-tangent 2-tensor -kab and 1-form 
Ea such that, the component Rb4AB admits the decomposition 

Rbaab = f A n + f Bn AB + E A - 

Moreover, 

kl £ 1^1 

\E\ < {\dHf + \ x \\dH\). 

Corollary 4.6. There exists an S-tangent vector it a and scalar E such that 

£ AB K A B34 = cijtrlTT + E 

and, 

kl < \9H\ 

\E\ < (\dHf + \ X \\dH\). 



recall that D^c9 M = T~L dj with T the standard Christoffel symbols of H. 
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Corollary 4.7. There exist S-tangent vectors n A , UjP and scalars E^ such 
that 

5 AB R Ai3B = <fivn^ + R + R 34 + 
e AB R A43B = c^WttW + £ (2) , 
where R is the scalar curvature. Moreover, 

k (1,2) l ;$ 

\E^\ < (\dH\ 2 + \ X \\dH\). 



Proof Observe that Rab = H^Ra^Bv = -5RA3B4 - |Ra4B3 - (5 cd Racbd- 
Hence, since Ra3B4 = Rb4A3, we have 6 AB TL AB = -6 ab 'R A4B3 -5 ab 5 cd 'R, A c B d, 
and therefore, 

S AB K Ai3B = S AB R AB + S AB S CD -R ACBD 
= R + R34 + S AB 5 cd H AC bd- 



We now appeal to corollary 4.4 and express 5 AB H, A 4 3B in the form 



S AB R Ai3B = dW 1 ' + R + R 34 + 

where 

k (1) | < |0J2"| 

< (\dH\ 2 + \ X \\dH\). 

On the other hand since Ra3B4 + Rab43 + Ra43B = 0, we infer that Ra.3B4 

RA4B3 = -RAB43- Thus, 

2 e" 43 RA43B = — RAB43- 



In view of corollary 4.6 we can therefore express € AB Ra43B in the form cykln^ 



5. Strategy of the proof of the Asymptotic Theorem 



In this section we describe the main ideas in the proof of the Asymptotic theorem. 
1. Section 6 

We start by making some primitive assumptions, which we refer to as 

• Bootstrap assumptions. 

They concern the geometric properties of the C u and St,u foliations. Based 
on this assumptions we derive further important properties, such as 

• Sharp comparisons between the functions u, r and s. 

• Isoperimetric and Sobolev inequalities on S t . u - 

• Trace inequality; restriction of functions in iJ 2 (S t ) to St lU - 

• Transport Lemma 

• Elliptic estimates on Hodge systems. 
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Section 7 We recall the background estimates on H — H/^) proved in [Kl-Rol|. 
We establish further estimates of H related to the surfaces St, u and null 
hypersurfaces C u . 

• L q (St, u ) estimates for dH and Ric(H). 

• Energy estimates on C u . 

• Statement of the estimate for the derivatives of Ric44(ff). 
Section 8 

Using the bootstrap assumptions and the results of sections 6 and 7 we provide 
a detailed proof of the Asymptotics theorem. 



6. Bootstrap assumptions and Basic Consequences 



Throughout this section we shall use only the following background property, see 
proposition 2.4 in [Kl-Rol|, of the metric H in [0, f»] x M 3 : 

\\dH\\L>L~ < A-^ 4£0 (48) 
By Holder inequality we also have, 

\\dH\\L\L T < A- 8eo (49) 
The maximal time £» verifies the estimate i» < A 1 ^ 860 . 



6.1. Bootstrap assumptions. We start by constructing the outgoing null geodesies 
originating from the axis r t , ( e [0, t*]. The geodesies emanating from the same 
points £ r t form the null cones C u . We define fi* C [0, £*] x R 3 to be the largest 
set properly foliated by the null cones C u with the following properties: 

Al) Any point in J7* lies on a unique outgoing null geodesic segment initiated 
from r t and contained in Q*. 

A2) Along any fixed C u , ^ — > 1 as s —>■ 0. Here s denotes the affine parameter 
along C u , i.e. L(s) = 1 and s|r t = 0. Recall also that r = r(t, u) denotes the radius 

of S ttU = C u n E t . 

Moreover, the following bootstrap assumptions are satisfied for some q > 2, suffi- 
ciently close to 2 : 

bi) ||trx-f IL ?is = < a-^°, \\xhu- £ A ^~ 2eo ' Mm? $ A ^" 2eo ' 

B2) ||tr X -f|| L , ( 5 t , u )<A- 2eo , HxIIl,(5, u )<A- 2£ o, \\vh m , u) < A" 2e ». 



Remark 6.2. It is straightforward to check that Bl) and B2) are verified in a small 
neighborhood of the time axis T t . Indeed for each fixed A our metrics H\ are smooth 
and therefore we can find as sufficiently small neighborhood, whose size possibly 
depends on A, where the assumptions Bl) and B2) hold. 
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Remark 6.3. We shall often have to estimate functions / in 17* which verify equa- 
tions of the form M- = F with / = /o on the axis IV According to Al) we can 
express the value of / at every point P € by the formula, 

f(P) = /o(P ) + [ F 

with 7 the unique null geodesic in f2* connecting the point P with the time axis 
Tt and Po = 7 PI I\. For convenience we shall rewrite this formula, relative to the 
affine parameter s in the form 

/(s) = /(0)+ f F( S ')^'. 
Jo 

It will be clear from the context that the integral with respect to s' denotes the 
integral along a corresponding null geodesic 7. 

6.4. Comparison results. We start with some simple comparison^] between the 
affine parameter s and n(t — u). 

Lemma 6.5. In the region fi* 

s k (t-u), i.e., s < (t — u) and (t — u) < s 



Proof Observe that = L(t) = T(t) =n and, since u\r t = t, 

t-u = [n~ 1 = [ n- 1 {s')ds' (50) 

J-y JO 

Thus, since n is bounded uniformly from below and above, we infer that s and t — u 
are comparable, i.e. s « t — u. In particular s < A 1_4e ° everywhere in £1*. 



Remark 6.6. The formula 4| = n along 7 together with the uniform boundedness of 



n, used in lemma 6.5 above, allows us to estimate integrals along the null geodesies 
7 as follows: 

F\ = I [ S F(s')ds'\ = I f F(t(s'),x(s'))d S '\ = I [\nF)(t',x(s'(t'))dt'\ < \\F\\ L 
lj Jo Jo Jo 

We shall make a frequent use of this remark. 



In what follows we shall refine the comparison between s and t — u. 
Lemma 6.7. In the region f2* 

n{t-u) = s(l + O(A" 4e0 



In [ Kl-Ro we had in fact n = 1 and s = t — u. In our context this is no longer true due to 



the non triviality of the lapse function n. 
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Proof Consider U — (n(t — u) ~ s) and proceed as in lemma above by noticing 
that ^ = 0. Therefore, 



—U — — ( nit — u) — s 
as as 1 



"\ = n 1 L(n)n(t — u) 

= n~ l L(n)s + n~ l L{n)(n{t — u) — s\ 



Integrating from the axis T t we find, 



U(s) = / s'n~ y L[n)ds' + / U{s') n - l L{n)ds' (51) 

where 7 is the null geodesic initiating on the axis T t and passing through a point 
Po corresponding to the value s. By Gronwall we find, 

U(s)< [ s'\n- l L{n)\ds' eyv [ \n~ l L{n)\ds' . 



According to the Remark n 1 \L(n)\ < \\dH ||x,i£oo. We can now make use 

of the inequality (jij]) and infer that 



n{t-u) = si l + O(A- 8e0 ) I. 



Lemma 6.8. The lapse function b satisfies the estimate 

\b(s) ~ n(s)\ < \- Sea (52) 

throughout the region f2*. 



Proof Integrating the transport equation (30), L(b) — —bkpjN, along the null 
geodesic 7(5), we infer that, 

b(s) = 6(0)exp(- / k NN ). 

Jo 

Since |fcjvAf| < \9H\, the condition ([l9|) gives / Q s |fcATjv| < A~ 8e °. According to 
our definition = T(u) and u|r t = t. Thus 6 _1 (0) = r 0) = and 
therefore, \b(s) — n(0)\ < A~ 8e °. To finish the proof it only remains to observe that 
\n(s)-n(0)\< J^L(n)\< \- s *°. ■ 

Recall that the Hardy-Littlewood maximal function^ M(f)(t) of f(t) is defined by 
7W(/)(t)= S up-i— / f(r)dr, 

to \t ~ to I Jt 

and that, 

l|A4(/)IUf < ll/IUf 

for any 1 < p < 00. 

14 restricted to the interval [0,t„] 
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Lemma 6.9. Let a be a solution of the transport equation 

L(a) = F 

Then for any point P G f2* PI (~l 7, where 7 is the null geodesic initiating on the 
axis T t at the point P £ ~E to and terminating at the point P , we have the estimate 



\a(P) - a(P )\ < sM(\\F\\ L ~)(t) 
with s the value of the affine parameter of 7 corresponding to P. 



(53) 



Proof Integrating the equation L(a) — ^ = F along 7 we obtain 

\a(P)-a(P )\ = \ f F\< f \\F\\ Ls , [ST) dr<(t-to)M(\\F\\ LS ,)(t) 



It remains to observe that t — to = t—u and that according to lemma 6.5, \t — u\ < s 



Using lemma 8.9 we can now refine the conclusions of lemmas 6.8, 6.7 



Corollary 6.10. 



b = n + sO{M{dH)(t)), 
n(t-u) = s + s 2 0(M(dH))(t)), 

\—^— h<M(dH)(t), 
n[t — u) s 



LiL- 



< A-2 



-4en 



n(t — u) s 

where Ai{dH){t) is the maximal function of \\dH (t) 



(54) 
(55) 

(56) 
(57) 



Proof The proof of (54) is straightforward since L(b — n) = —bk^N — L(n). Now 
observe that the right hand-side \bk~NN + ^( n )ll ^ l^^l an d (b — n)\r t =0. 



Since, according to lemma 6.7, n(t — u) < 2s, the equation L{n{t — u) — s) 
n^ 1 L(n)n(t — u) can be written in the form 

\-^-(n(t-u)-s)\<s\dH\ 
ds 

Thus with the help of lemma |6.9| we obtain 

\n(t-u)-s\ <s 2 M{dH) 



The inequality (56) is an immediate consequence of (55) and lemma 6.7. The 
estimate (57) follows from (56), (|48|), and the L 2 estimate for the Hardy-Littlewood 
maximal function. ■ 



We shall now compare the values of the parameters s and r = j^Ai(St,u) at a 
point P S St.u- 
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Lemma 6.11. The identity 

r = s(l + O(A~ 6£0 ) 



holds throughout the region f2 + . In particular this implies that 

2vrs 2 < A(t,u) < 8tts 2 

with A(t,u) the area of St lU - 



Proof Similarly to (18), we have 



L{r) = £** = 8tt7 j St u ^ 



Using the identity A(St. u ) = 47rr 2 , we obtain 

dr 1 f ( 2\ 

Integrating along the null geodesic 7 passing through the point P = P(s) M we 
have 



\r(P)-s\<[-[ (tr X - - ) <4rr /" r||tr X 



< 



1 /■ ( 2\ . . r „ 2, 

lis 

(r- S ')l|trx--|Ur + / s 'll tr X--|U~ 
r J 7 r 



(59) 



Thus by Gronwall, and the bootstrap estimate Bl), 

\\tr X ~ - r \\L\L~ < Xi- 4e °\\tr x - < A" 6eo 

we infer that, \r — s\ < sA~ 6e °. 



Having established that r w s we shall now derive more refined comparison esti- 
mates involving tr% — - and its iterated maximal functions. These will be needed 



later on in section D.5 where tr% — - rather than tr% — - appears naturally. 
Corollary 6.12. 

\r-s\ <s 2 M 3 (\\trx-- s \\L~), (60) 
\r-s\ < s i|| irx --|| £?i (61) 



15 Observe that according to A2), (r — s) — + as s — > along C u 
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Here, Mr is the k-th maximal function. Moreover, 

\trx-~\ < \trx--\+M 3 (\\trx--\\ L ~), (62) 
r s s 

\\trx--\\L*L~ <\\trx--\\L*L~, (63) 

r t X g t X 

\\trx-l\\L«(S t , u ) < (l + ri-^\\trx-h L 2 L ~, (64) 

II- - < \\trx ~ -|| i?iS o + (65) 

r n(t — u) * x s 4 x 



Proof We write the transport equation for r in the following form: 

L(r) = -±-[ (tr X --) + -i-/ - (66) 

Differentiating J s | we obtain 

l(( "?)-/ (?t, x -l)=/ Vx-V/ 4 TO 

\Js tu s J Js tu s S z J St .v S s Js t . u s 



Furthermore, 



Since s — r — » as r — » 0, wc have J g p- — > 87r. Using lemmas |S. 1 1 and 3.E we 
infer that 

f ^ = to r + 8M(\\trx--h s >) 
Js t , u 3 s 

Integrating ( ]67| ) and using lemma |6.9| once more we obtain 

f I = 8ns + S 2 _M 2 (||tr X - + s 2 M{\\tr X - H|| £ ) 

JS t ,u S S S 

Again, according to lemma 5.1l| , r w s. Thus returning to ( |66| ) 
si/ 1 2 2 

r 57rr 7s t u s s 

or, equivalently, 

L(r 2 ) = 2s+ 1 f ( t r X -2) +r8 A< J (||trx--|i f ) 
Integrating with the help of lemma |6.9| we infer that, 

r 2 = ,s 2 + S 3 A4 3 (||tr X - + s 3 .M(||tr X - -J L ~) 

It then follows that 

r = S + . S 2 M 3 (||tr X -^lM (68) 

Observe that if during each integration along 7 we used Holder inequality instead 
of the bounds involving maximal functions, we would have the estimate 

r = s + s5 ||tr X -H|| i? (69) 



ROUGH EINSTEIN METRICS 



19 



This estimate can be used effectively to compare r and s on a single surface St, u 
while (68) works well with the norms involving integration in time. Thus, we infer 
from from ([38]) that 

|---|<-M 3 (l|trx--Ik~), (70) 
r s s 

\\l-- s hlL~<\\trx-- s h*L~ (71) 
In addition, ( fjTj ) implies that 

ll^-;IU»(^)<^-*||tr X -^|U ? ^ (72) 

Inequalities (62)-(64) follow from the identity tr%- 2 = tr%-f + 2-| and (70)-@. 
Finally, (65) follows from (70) and (57). ■ 



Remark 6.13. Observe that the equation ( |58| ) and lemma 6.9 also give the estimate 

\r-s\ < S 2 M(\\tr X -l\\L~)(t). 

Thus with the help of the bootstrap assumption Bl) and the L 2 estimate for the 
maximal function we infer that, 

2 2 2 2 

ll tr X " -Hl?L~ ^ ll tr X - - II L?L» + 11 LfZ2° 

S 4 x r ' * 7" S * x ^yg-j 

<2||trx--|| L?L » < \~^ 2t0 

r ' x 

Moreover, since r ss s, the equation (p8|), Holder inequality and the bootstrap 
assumption B2) also imply that 

\r-s\ < J r^Wtvx-^h^s^) < A-^sr 1 "! 

Using the bootstrap assumption B2) once again we infer that 



2 2 2 2 

lltrX ~ -|li«(S t ,„) ^ ll tr X - -||i*(S t ,„) + II- - -|U«(St,«) 

< A - 2eo+A -2ca|| r -f|| < A -2,o 



(74) 



Estimates (|74|), ( |73|) indicate that the bootstrap assumptions Bl), B2) also hold 
for (tax - |). 



6.14. Isoperimetric, Sobolev inequalities and transport lemma. We con- 
sider now the foliation induced by St,u on Rf2*. Relative to this foliation the 
induced metric h on E t takes the form 

h = b 2 du 2 + lAB d<j, A d(i) B 

where 4> A are local coordinates on S 2 . We state below a proposition concerning the 
trace and isoperimetric inequalities on S 4 n f2*. The proposition requires a very 
weak assumption on the metric h, in fact we only need 

(supr^Hvi+^IU^) < A^ 1 (75) 
n. 
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for some large constant Ao > and an arbitrarily small e > 0. In this and the 
following subsection we shall assume a slightly stronger property that 

( S upr^)||vi+ e 9if|U 2(St) <A^ (76) 
n. 

Remark 6.15. The assumption ( |76] ) is easily satisfied by our families of metrics 
H = see remark 7.2. 



Proposition 6.16. Let St lU be a fixed surface in S t n f2, 



i. For any smooth function f : St tU — > K we have the following isoperimetric in- 
equality: 

(/ l/l 2 )" < / + (77) 

ii. TVie following Sobolev inequality holds on St, u - for any S £ (0, 1) and p from 
the interval p € (2, oo] 



sup |/| < r *#*tt(l (\ff\ 2 +r~ 2 \f\ 2 )) 



2| f\2\\ 2 2p + S(p-2) 



(\ff\ P + r- p \f\ P ) 



USt.u 



(78) 



iii. Consider an arbitrary function f : £$ — > R such that f G iJ2+ e (R 3 ). JTie 
following trace inequality holds true: 

ll/[U»(s,.„) < \\d^f\\ L ^ t) + ||^-7IU=(E t) - (79) 
More generally, for any q 6 [2, oo) 

\\fh«(S t , u ) < ll^-f+7IU=( St ) + \\d^- e f\\ L ^ t y (80) 

Also, considering the region Q*(jr, r) = Ui r<j0<r S' till (p) } where r = r(t,u), we have 
the following: 

\\f\\h(S tu ) ^ H iV (/)llL2(a,(Ir,r))ll/llL 2 (0,(ir.r)) + ~ II / 1 1 L 2 (O, (ir,r)) ■ 

(81) 



Finally we state below, 

Lemma 6.17 (Transport Lemma). Let ILa be an S-tangent tensorfield verifying 
the following transport equation with a > 0: 

p 4 n A + atrxIlA = F A . 

Assume that the point (t,x) — (t,s,ui) belongs to the domain Q*. If IT satisfies the 
initial condition s Ha(s) — > as s — > 0, i/ien 

|n(t,x)|<4||F|| £ x £? . (82) 
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In addition, if a > - and H satisfies the initial condition 



HI 1 1 i,q(St «) as r -> 0, f/ien on each surface St, u C f^* 



l|n|U« ( s 4 ,„) < 



1 



r(t) s " 5' ./« 
Finally, if II is a solution of the transport equation 

p 4 n A +atrxIlA = ^FA. 

verifying the initial condition s 2rT IlA(s) — > with some a > ~, then 

\U(t,x)\ <4M(\\F\\ L ~)(t). 



(83) 



(84) 



Proof The proof of (|82|)-(|83|) is straightforward. For a similar version see [ Kl-Ro 
Estimate (p4|) can be proved in the same manner as (m) of lemma 3. c . I 



6.18. Elliptic estimates. Next we establish a proposition concerning the L 2 esti- 
mates of Hodge systems on the surfaces St «. They are similar to the estimates of 



on the corollary 4.4 



lemma 5.5 in Kl-Ro |. We need however to make an important modification based 



Proposition 6.19. Let £ be an m + 1 covariant, totally symmetric tensor, a solu- 
tion of the Hodge system on the surface St tU C £1* 

(fivt; = F, 
cdrlt = G, 

H = o. 



Then £ obeys the estimate 

\n\ 2 + ^\e<2j s {\f\ 2 + \g\ 2 }. 



St,- 



(85) 



Proof Using the standard Hodge theory, see theorem5.4 in [ Kl-Ro | or chapter 2 
in ]Ch-Kl |, we have 



\n\ J + (rn + l)K\tf= / {\F\ 2 + \G\ 2 }. 

S t , u JSt.u 

The Gauss curvature K of the 2-surface St, u can be expressed as follows: 
K = ^( tr x) 2 + ^trxtrfc + • x + t^Rabab 



(86) 



Thus it follows from corollary 4.4 that 

K -r~ 2 



JIa + E 
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where the tensor IT and the error term E, relative to the standard coordinates x a , 
obey the pointwise estimates |n| < \dH\ and \E\ < (\dH\ 2 + \x\ 2 + |x||&Hl). Th en 
we have 

/ \n\ 2 + ^ICI 2 < / {\F\ 2 + |G| 2 + (m + l)(f A U A + E)\e}. 

Integrating the term J s ^ A U A \^\ 2 by parts we obtain for all sufficiently large p, 
- = - + - 

2 p ^ q> 

f f A n A \t\ 2 = ~2 1 n A y ji e-e<IIKII^(s 4 ,„)lieiU J .c^)lin|U«(s t ,„). 

JSt.u Js t:U 
The isopcrimctric inequality implies that for 2 < p < oo 

We also deduce from the trace inequality that 

l|n|U«(5 tl .) < \\dH\\ Lq(St , u) < \\d^ +1 -^H\\ L ^ t) + \\d^ +1 ~I^H\\ L2{St} . 
Thus the smallness condition 



r^\\d^-^H\\ L ^ t) <A^ 



ensures that we can absorb the term (to + 1) J s y^n^j^l 2 on the left hand-side 
of ( p7| ) . For large p the above condition coincides with ( |75| ) . 

It remains to estimate j s E\£\ 2 . The most dangerous term is J s lx| 2 |£| 2 - Ap- 
plying the Holder inequality we infer that, 

lxl 2 iei 2 <l!CllL(s t , u )llxllL(s, u) - 

Using the isoperimetric inequality once more, we conclude that we need a smallness 
condition on r _ 9 ||xll i«(S r t „) f° r some q > 2. This is guaranteed by our bootstrap 
assumption B2). ■ 

We shall next formulate a version of the Calderon-Zygmund theorem for the above 
type of Hodge systems. 

Proposition 6.20. Let £ be an 2 covariant, traceless symmetric tensor, verifying 
the Hodge system on the surface St, u C 

</w£ = fv + e 

for some scalar v and 1-form e. Then, 

IKIU«(S«.«) % IMU*(s t ,„) + l|e||j>(5 ti1l ) (88) 

where - = 2 + 5- 
AlsJ[^ 

£ IMU-(S«.„) ^g + (r\\fu\\ L ^ (St u) ) + r 1 -! \\e\\ LP(St u) (89) 



16 The term ||.L°o(s t „) can be in fact replaced by ||fyHI-L r (S t „) f° r J" > 2 
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for any p > 2, where log + z = log(2 + \z\). 

Similar estimates hold in the case when £ is a 1-form verifying the Hodge system 

tfiv^ — cfivvx + e%, 

cij,rl^ = cij,rlv2 + e 2 
for some 1-forms v = (Vi, v-i) and scalars e — (ei, e^). 

7. Properties of the metric H and its curvature tensor R 



7.1. Background estimates. We start by recalling the backgro und estimates on 
the family of the Lorentz metrics H — -ff(A) proved in | Kl-Rol |, see proposition 
(??). 



Metric H admits the canonical decomposition 

H = -n 2 dt 2 + h ij (dx i + v i dt) ® (dx J + v 3 dt) 
and satisfies the following estimates on the time interval [0,i*] with t* < A 1_8c ° 
c\e <h id Ce ^c- 1 !^ 2 , n 2 - \v\\ > c > 0, MJ^c- 1 



l H\\ L i TO 



J [0,t»] "m 

1 H\\ r°° roc 



IQl+m 

\d 1+m H nL 

|^l+m 

\vi +m (dH) u 

\V? +m {d 2 H)\\ L ~ u]Ll <\~h~^ for 
|V" l (V^R Q/ 3(i?))|| L 2 < A -1 , 



"[0,t„] 



< A -|-4e 0j 

< A -i-4 £0) 

LI < A"" 1 for - i < to < i + 4e 

\ + 4eo < w 



V ro R a ^(if)|Ux o ^ ]is 



(90) 

(91) 
(92) 
(93) 
(94) 

(95) 

(96) 

(97) 
(98) 



Remark 7.2. The inequality (92) with m = is consistent with the property ((48|), 
which we have used throughout section 6. Moreover, since in the region f2» the 
radius r of the surfaces St, u does not exceed A 1_8e °, we have, according to (94), 



This verifies the condition (76). 



7.3. L q (St lU ) estimates. The trace inequality ( p0| ) of proposition 3.16 allows us 
to derive the L q (St, u ) estimates on the metric H from (94). 



Proposition 7.4. For any q in the interval 2 < q < 4 

II^IM^Ai- 1 - 8 ^-^ 



(99) 
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In addition, 



forpe [1,2]. 



Proof 



mc(H)\\ LP{Stu) < )3- 2 '^\ 



-1)eo 



(100) 



Since q < 4, by Holder inequality 

\\dH\\ Lq{St . u) < rf \\dH\\ Li{St>u) < \( 2 «-i)d-^ \\dH\\ LHSt ^ 



Using the trace estimate (80) we infer that 



\\dH\\ Lq{St ^ < xG-W-^WdHW^w < At" 1 



-8(|-i)eo 



where we have used \\dH ||/fi( R 3 j < A 2 from (94). The inequality (10C) follows 
similarly from the trace theorem and (97). ■ 



7.5. Energy estimates on C u . In this subsection we shall derive energy esti- 
mates, along the null hypersurfaces C u , for tangential derivatives of the first deriva- 
tives of the rescaled metric 

G(t,x)=g(j,j) (101) 

Recall that the original space time Einstein metric g, verifies R M „(g) = 0. In 
addition, since our coordinates x a satisfy the wave coordinate condition (||), the 
metric g satisfies the quasilinear wave equation 

e? p d a dp Sllv = JV( gl dg). (102) 

We have also defined the truncated g<A = X^<±a ^a»S anc ^ by rescaling, 

H(t,x) = E<x (j,~). 
our background metric. Similarly, for a dyadic /i > i we can define 

GW(i,x) = P M Ag(^) 

Observe that H has frequencies < 1 and G^> is localized to the frequencies of size 
\x which can not fall below ^. 

We now formulate a basic energy estimate on the null cones C u for H and G^ . 

Definition 7.6. Given a scalar function F in f2* we denote by D*F the C u tangen- 
tial derivatives of F. More precisely, D*F — ()PF, LF). We shall use this notation 
for the components of the metrics H and G relative to our fixed system of coordi- 
nates. We also use this notation applied to all components of the derivatives dH 
and dG. Thus \D*dH\ = Y. a ,p n \D^H a0 \ 
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Proposition 7.7. The following estimates hold in the region 17*: 

\\D.dH\\ L , (Cv) < \-K \\D*H\\ L2{Cu) < (103) 
In addition, for the functions G^ defined above 
\\D*dGM\\ L2{Cu ) <fii- ieo X-i-^°, 



(104) 



The following result can be deduced from propositions 7.7, 4.1 



Corollary 7.8. Any component of the curvature R a bcd — R(e a) e&, e c , e^) with vec- 
torfields e a , e^, e c varying between L, ba, A = 1, 2, obeys the energy estimates on C u : 

||R-o6cd||z,2(C u ) ^ X 3 

In particular, 

I|R-*IIl 2 (C„) : = 51 ||Ra_BCd||l 2 (C 11 ) + ||R-ABC4||i 2 (C?«) + l|R-B43^||i 2 (C„) ^ 
A.B.C.D 



Proof of proposition 7.7 



Metric g is a H 2+1 solution of the Einstein equation. Thus after rescaling and 
taking into account 7 > 5e , we infer that in addition to the estimates (91)-(96) for 
H, we also have 

\\d 1+m G^\\ LrL 2 < A -|-46o /i m-l-4e 0j for m = Q^ ( 105 ) 



We shall make use of the rescaled version of lemma ? in | Kl-Rol | to derive the 
equations for H and . 

H a ^d a d p H = F, H a0 d a d p G^ ] = F„, (106) 

with the right hand-sides F, obeying the estimates 



\\F\\l)li<^, \\dF\\ L]Ll <\---,, (107) 

\\FA\l\L* <M- 4£ °A-5- 4e °, ||a^ M |Ux ig < M l-4e OA -i-4eo (1Q8) 

We shall use the generalized energy identity with the vectorfield T in the region 
Mt Qt t,u bounded by the cone C M and the time slices S to , E t intersecting C u . The 
vectorfield L is orthogonal, in the sense of the Lorentzian metric H, to the cone 
C u . Thus 

/ Q[H]{T,L)+( Q[H](T,T)= [ Q[H](T,T)- [ ( Q a P[H] T * aP +FT(H) 

JC U JS t0 JY. t0 J Mt ,t,u \ 

with the energy-momentum tensor 

QlfU = d a fd p f - \H af) {d v fd»f) 
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and the deformation tensor ^itaf) = CtH of the vectorfield T. A similar identity 
also holds for G M . According to (7) and ( p3| ) the components of the deformation 
tensor t -k can be described as follows: 

^TTy = -2%, ( T >7r l0 = n^din, ( T V 00 = 

Thus the deformation tensor | ^tt] < \dH\, and by (91) obeys the estimate 

II (T M|l ; l ? <A- 4£ ° (109) 

Observe that 

Q[H](T,L) = l -{LHf + l -\fH\ 2 = \\D,H\ 2 , 
Q[H](T,T) = i (TH) 2 + = \\dH\ 2 



In addition, \Q a p{f)\ < 2|d/| 2 . Thus, using (94), (107), and (|109j), we obtain 
/ \D*H\ 2 <[ \dH\ 2 + i[ (\ (t) tt| \dH\ 2 + \F\ \dH\] 

JC U JS t0 JMt ,t,* V / 

< \\dH\\ 2 LrLl + || ( T K\\ LlL ^\\dH\\l rLl + \\F\\ LlLl \\dH\\ LTLl < A 

Similarly, 

/ |D*G"| a < [ \dG»\ 2 + 4 / ( \ T n\ \dG»\ 2 + \F„\ \dG»\) 
Jc v Js t0 A/, 0ii ,„ V / 

< \\dG»\\ 2 LrLl + \\ T 7r\\ LlL ~\\dG»\\ 2 LrLl + H^IUjisll^lUr^ 

^min^-^A^ 1 - 8 ^^- 1 -^^- 2 - 8 ^} 



To get the estimates for D*dH and D^dG 11 we differentiate the equations (106). 
Commuting the derivative with the metric H we obtain, 

H af} d a df}dH = dF + {dH af3 )d a df}dH = F l , 
H^dadpdG" = dF^ + {dH al3 )d a d f} dG f " = F* 

Using (107)-(108) and the inequality \\dH\\ L i L «, < A~ 4£ ° of (91), we infer that 

WFhm < A"*, \\FXlL* < /i 1_4£ °A~5~ 4e ° 
Thus using the generalized energy identity for dH and <9G M we will have 

f \D*dH\ 2 < \\d 2 H\\ 2 LrL2 + \\ ^ttIUj^ii^fiii^+ii^iuj^ii^fh^ < a- 

Also, 

f \D*dG»\ 2 < \\d 2 G»\\ 2 LrLl + || ^TrlUii- 11^111^5+11^11^11^11^ 

< ^1— 8e ^— 1— 8e 
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While the spacetime metric g verifies the Einstein equations R Ml/ (g) = this is 
certainly not true for the effective metric H = ff(A)- This could create serious 
problems in the proof of the asymptotics theorem as the Ricci curvature appears 
as a source term in the null structure equations. We have already established an 
improved estimate for Ric(iJ) in L\L^ , see (98). This was done by comparing 
H^ V {H) with R /JJ/ (G) = where G = g(A _1 £, \~ 1 x) is the rescaled Einstein metric. 
We need however a stronger estimate involving the derivatives of R44 (H) along the 
null cones C u . To establish such an estimate we encounter an additional difficulty; 
the null cones C u have been constructed relative to the approximate metric H. 
This leads to significant differences between the C u energy estimates for the second 
derivatives of H, see ( |103| ) and the corresponding ones^Jfor G, see (104) in propo- 
sition 7/7. Using however the specific structure of the component R44 relative to 
the wave coordinates we can overcome this difficulty and prove the following: 

Theorem 8.1. On any null hypersurface C u , 



f \\VR 44 (H)\\ L 2 {STu) dT < A" 1 

J U 



(110) 



Proof The proof of the theorem requires a rather long and tedious argument which 
we present in our paper [ Kl-Ro3| |. ■ 



9. Asymptotics theorem 



We start by recalling already established estimates for the metric related quantities 
which play crucial role in what follows. 



\\9H\\l^ <A-^- 4£0 , 






(111) 


||^|| i9(St , u) <Af- l - 8 (f- 


4)eo for 


2 < q < 4, 


(112) 


|| Ric(ff)|| L i Lso <X-^ 


0) 




(113) 


|| Ric(ff)|| iP(Sl>u) < A§- 2 - 


-8(f-l)eo 


for 1 < p < 2, 


(114) 


\\D*dH\\ L * {Cu} < A"*, 






(115) 


/ ||VR44|U 2( s t ,„) < A" 1 - 
Jo 


-2e 

1 




(116) 


l|R*ll^(C„) < A"' 






(117) 



where ||R*||i,2(a u ) : = J2a,b,c,d l|R-Ascn|U 2 (c ll ) + ll R -ABC4|U2( Cu ) + ||R B 4 3j 4|| L 2 (Cu 
Note that some of the above estimates hold only throughout the region £1*. 



17 The estimates for the second derivatives of the higher frequencies of G do in fact diverge 
badly. 
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Theorem 9.1. Throughout the region the quantities tr\ — \, X, and r\ satisfy 
the following estimates: 

W tr * ~ IhlL? + ll*IU?z~ + Mlil- < A-*- 3e °, (118) 
\\trx - |lU«(s*.„) + \\xh«( St , u ) + IMU«(s t ,„) < A~ 3eo . (119) 

In the estimate (118) function - can be replaced with n( ^_ u ^ ■ We can also state the 
corresponding L\ estimate following by Holder inequality: 

In addition, in the exterior region r > t/2, 

\\trx - s \\l^ ( s^) < t~ l \-^, WxWloo^) < t-'X-^ + \\dH(t)\\ LT> 

IMU-(s t ,„) < A" 1 + A^t- 1 + \*\\d(H)(t)\\ L ~. (121) 

where the last estimate holds for an arbitrary positive e, e < eo- We also have the 
following estimates for the derivatives of tr\: 

II sup \\L(trx - bWv&.jhl + II sup \\L{trx - * )\\L-(s t ,J\ Li < A~ 3e °, 
r>| r r>| "l r / (122) 

II sup \\?trx\\ms t , u )hl + II sup \\f(trx - 2 ) || L 2 (Stu) || L i < A~ 3e ° 
r>| r>| »H J U J (123) 



In addition we also have weak estimates of the form, 

sup \\(f,L)(trx ~ < A c (124) 

/or some Zarge -yaZwe o/ C. 



Corollary 9.2. TTie estimates of theorem 9A_ can be extended to the whole region 
Tq n ([(),£*] x K 3 ), where Iq is the future domain of the origin on Eq. 



Remark 9.3. The proof of the corollary 9.2 requires an extension argument. The 



estimates of the Asymptotics Theorem, which are uniform with respect to the 
bootstrap region 17*, provide very good control of the foliations C u and St )U . By 
the standard continuity argument this allows us to show that the estimates, in fact, 
hold in the maximal domain allowed by the background estimates (111)- (117) on 
the metric H, l£ n ([0,U] x K 3 ). 



Proof We shall first prove the estimates (118) and (119) in the bootstrap region 
f2*. Once this is done we can easily infer, by a standard continuity argument, that 
the estimates hold in fact in the entire region.... 

To simplify our calculations we start with the following definition. 
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Definition 9.4. We set, 



6 = |tr X - \\ + \tv X -- s \ + \x\ + \v\ + \9H\ (125) 



In view of our bootstrap assumptions Bi), B2) ( see section 6.1), Remark 6.13 as 
well as the estimates (111)-(112) for dH we can freely make use of the following: 

l|e|U ?i - < x-^°, \\e\\ LH s t ^ < a- 2£ « (126) 

inside the bootstrap region 0*. 



9.5. Estimates for tr%, X- 



We start with estimates (118)-(121) for tr%- Observe that in view of the Corollary 
6.12 it suffices to prove the desired estimates for tr X — 



Writing y — (trx — |) we have, 

L(y) + tr X y= -Ru- -k N N + <d 2 (127) 
s 

Applying the transport lemma |6.17 we infer that at any point P £ 57* , 



\s 2 y{P)\ 



< 



J s 2 (\R A4 \ + l-\dH\ + e' 



where 7 is the outgoing null geodesic initiating on the time axis T t passing through 
P and s is the corresponding value of the affine parameter s. Therefore, 

1 



\y(P)\ < WB^huz 



\dH\ + \\e\ 



and, in view of (|126j) and (113), 



\dH\ 



In the exterior region s > |, using the condition (111), we infer that, 

l|tr X --||^(5 t , tl )<^ 1 A- 4eo . 



(128) 



(129) 



which proves (121). On the other hand, see also the proof of lemma 3J5, ( |128| ) leads 
a global estimate, 



(130) 



\\tv X --h~<\- 1 - 4£0 +M(dH)(t) 
s 

where A4(dH) is the maximal function of ||9.ff(i)||£,ao. The estimates ( |130| ) and 
(111) together with the corresponding maximal function estimates readily imply 
that 

lltrx " £ A-i- 4 ^ + \\M(dH)(t)\\ L i < X-^' + \\dH\\ L2Lx < X~^°. 

On the other hand, using the comparison results between r and s, see section 6.3., 
s < A 1_8c ° < A, and the Holder inequalities 



||tr X - -|U«(S t ,„) < r«\\y\\ L ~ {St , u ) < X^X-^+sts-^WdHW 



< A? A" 



e ° < A" 
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provided that q > 2 is chosen sufficiently close to 2. Using the comparison results 
between - and - of Corollary 6.12 we infer that, 



< A~ 3 



-i-4e 



|trx- -hi(S t , u ) ^ A~ 



(131) 
(132) 



as desired in (118) and (119). Finally, (12C) follows from (57) of Corollary 6.10. 



We shall now estimate X from the Codazzi equations (37) 

1 
2 



(djvx)A + XABk B N = 7;(fA tr X + k AN tvx) - R-B4AB- 



(133) 



Taking advantage of corollary 4.5, with a different error term E, we rewrite it in 
the form, 



(4vx)a = ^f A (tr X ~^) + f A TT + f B TT AB + E 



(134) 



with 7r and E obeying pointwise estimates 



< 



\dH\, 



1 



E < 9 • 8H+-\dH\ 



We shall now take advantage of the elliptic estimate of proposition |l6|; we write, 

2 

llxlU»(S t ,„) < A £ ||trx- -|U»(s t ,„) 

„i 



(135) 



with q > 2. 



Remark 9.6. In the application of the elliptic estimate ( p9| ) in the derivation of 
(135) we need some rough estimates for ytr% of the type 



-fttxW 



for some large constant C > 0. These weak estimates, consistent with (124), are a 
lot easier to derive and can be obtained directly from the transport equations (31), 
(32) for tix an d X- We refer the reader to our paper [Kl-Ro for more details. 



Therefore, choosing q = 2 + e for sufficiently small e > 0, and using the bootstrap 
assumptions B2) as well as the assumptions (112) we infer that, 



|xlU°°CS tlU ) ^ A £ ||trx - -|ji-(5 t 



X'\\dH\\ L , 



lei 



\\9H\U 



r- 1+ t\\dH\\ L , 



trx - - L°°(s t .„ 
r 



(136) 



Now we observe that the desired pointwise estimate (121) in the exterior region 
r > t/2 follows from ( |l29| ) and the estimate |f - || < A~ e °s _1 < A" e °i~\ 



\X\\L°°(St, n ) 



< t~ X \- 



\\9Hh 



(137) 
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We can also add a global estimate following from Corollary 6.1 2^ and ( |13C| ). 

HxlU~(S t ,«) < A- 1 " 460 + dH{t) + M 4 (dH)(t). (138) 



Now squaring and integrating ( 136) in time we infer from (111) and the just proved 
estimate (131) for trx — - that 



x\\l?l~ < A e ( ||tr X - + \\dH\\ LiLs , ) < A-^- 3eo , 



(139) 



which is the estimate claimed in (118) of theorcm9.1 



On the other hand, applying the elliptic estimate ( [Sq) of proposition ^| to the 
equation (134) yields the following: 

2 

llxlU«(S t ,«) S lltrx — -\\Li(s t . u ) + \\dH\\ Lq{St u) + \\E\\ LP{St u) 

for some q > 2, i = | + |. Choosing q = 2 + e as in bootstrap assumption B2) we 
infer with the help of the estimate (132) for tr% — - and (112), that 

\\xh«( St , u ) <x- 4eo + \\edH\\ LP(Stiu) + ±\\dH\\ LP(Stiu) 

< \-^° + \\dH\\ LHSt J\Q\\ Lq{St u) + \\dH\\ Lq{St u) 

< A" 460 . 



9.7. Estimates for 77. 

We start with the Hodge system (38)-(39): 

4<v 7] = + 2k NN tr X - 2|?7| 2 - |x| 2 - 2k AB XAB^j - ^S AB R A43B , 

ci/rl r] = i e AB k AcXC B - \ e AB R A43 s 

with fi defined in (|34|), /1 = L(trx) — ^(tr%) 2 — [k^N + r& _1 V.iv»i)trx and satisfying 
the transport equation (651), 



L(fi) + trxM = 2(r/ A - rj A )f A (tT X ) - 2 XAB (^9 aHb + 2rj A r] B 

+ k NN XAB + trXXAB + XACXCB + 2k AC XCB + Rb43A 

-L(R 44 ) + (2k NN -4n- 1 V A rn))(i(tr X ) 2 - \x? 

- k NN trx - R44) + 4fc 2 VAr trx + (trx + ^k NN )(\x\ 2 + R44) 



(140) 



(r \ ( 2{k AN - ^)n- 1 V A n - 2\ n - 1 N(n) | 2 + -R4343 + 2fc.y m A# 



3 Namely, the inequality ||trx - ~\\i,**> < M 3 (\\tr X - §IUg°) 
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Observe that in view of Corollary 4.7 we can rewrite our div-curl system for rj as 



follows: 








div rj = 


4iv7T (1) - 


1- ~ ( M + 2fcArjvtrx - 


-2H 2 -|x| 2 


cv/rl rj = 


cv/rl7r (2) 


+ - e AB k Ac xcB - 




where w = 


(R + R34 


) and 





(141) 



k (1,2) l < \bh\ 

\E^\<{\dH\ 2 + \ X \\dH\). 

Remark 9.8. We would like to treat the system formed by the transport equation 
(140) coupled with the elliptic system (141) in the same manner as we have dealt 



with the system for tr% and x- Indeed the Hodge system (141) is similar to the 
Hodge system (133). The transport equation for /i differs however significantly from 
the transport equation (127) for tr%. Indeed the only curvature term on the right 
hand side of (127) is R44 while the right hand side of (140) exhibits the far more 
dangerous term. L(R44). In what follows we shall get around this difficulty by 
introducing a new covector lL through a Hodge system on the surfaces St. u - Using 
once more the special structure of the Einstein equations we shall derive a new 
transport equation for /I whose right hand side exhibits only terms depending on 
Ric(_ff ) and favorable components of the curvature tensor. 



We define an auxiliary 5-tangent co- vector as a solution of the Hodge system 



d/iv/^ = /i — w, 
cv/rl i/l = 
with w = R43 + R. We now prove the following 

Proposition 9.9. 

1. The covector i/l verifies the following, 
1 



(142) 
(143) 



cij,rl(p i ^+ -^trxi/i-x 



dH ■ p4 + f A ^2R A4 
2 

-(3R 34 + 2R) + Ric + 0R« + 9 • D*dH 
r 

dH ■ pii/i + f(e ■ e) + r* • e 
I e . e + e . e .@ 



2. The covector i/l verifies the following estimates 

MWL-is^)^^ 1 +M{dH) 

< A~ 3e ° 



\Li(S t 



(144) 
(145) 



ROUGH EINSTEIN METRICS 



:s:i 



Proof of part 2 of proposition 9.9 

Remark 9.10. For convenience we extend our bootstrap assumptions Bl) and B2) 
to include /jt. Thus, throughout the proof below, we redefine 9, see (125), as follows: 



O = |tr X 1 



2, 

tr%- - 
s 



\dH\ 



(146) 



This is justified since our stated estimates are stronger than Bl) and B2) for 



Assuming the first part of the proposition |9.9| we now derive the estimates of part 2. 
We start by applying the elliptic estimates of proposition Hq to the Hodge system 



of proposition 9.9. Thus for some q > 2, denoting by M the quantity 



M = (pit + -trxjf - x 



we have, 



l|Af|U~ (Sttt0 < \\dH\\ Lq{Stu) \\M\\ L ^ Stu) + \*(\\ Ric(Jf)|U~ (Stiu) + ||e|| 2 L » (St iu) + ±\\dH\\ L ~ {St , u ) 



1-^ 

7* g 



|eR»|| L , ( 5 t ,„) + \\ef(dH)\\ LqiSt ^ + ||e Ric(fOIU-(s tl .) 



I . ... 1 ... I 

r 



+ -|| mc(H)\\ Lq{Stu) + ||e 3 || i9(St , u) + -\\e 2 \\ LH s t , u ) + -^\\dH\\ L9(St>a) 



Remark 9.11. As in the case of the estimates for x, the use of the elliptic estimates 
( |39"| ) of proposition [l(] for the Hodge system satisfies by the quantity M requires 
rough estimates of the type 

\\rfK A 4L^s t , u ) + \\f^h^s t<u) + Ike • ?e\\ LHSt , u) < A c 

for some q > 2. The estimate for the derivatives of the Ricci curvature and the 
metric H are contained in our background estimates (91)-(98). In addition to tr% 
and Xi f° r which we have already outlined the procedure of obtaining such weak 
estimates, the quantity e contains rj and jji. Once again, we can use the transport 



equation ( 33) for 77 and the Hodge system (142)-( [143[ ) combined with the transport 



equation (14C) for fi to handle these terms. 



Taking q sufficiently close to q — 2, using the bootstrap assumption, ||0||x,<j(5 t u ) < 
A _2e ° < 1, and the estimate \\dH ||i«(s t „) < A~ 2e ° < 1/2 we can then conclude that 

\\M\\ L ~ (St>u) < A £ (|| Ric(tf)IU~(S t ,„) + ||ef Loo(St u) + ^\\dH\\ L ^ St u) 
+ \\e\\ L ~ {St J\D*dH\\ Lq(St _ u) + ||e|| i » (lS r ti1 , ) ||R,|| i , (Stil , ) 



Applying the transport lemma |6.17 to the transport equation 



P41/1 + \^ = M + x ■ & (147) 



we infer that at any point P£ !l s , 



W(P)\< J s(|M| + e s 
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where 7 is the outgoing null geodesic initiating on the time axis T t passing through 
P and s is the corresponding value of the affine parameter s. Hence, 

1^)1 < A«y (||e||i« (Sttu) + ||e|Ua. (St< „ ) ||i>,flff|| 1 , (Stiw) 

+ ||e|U~ (St ,J|R*IU*f^)) + ~jf \\dH\\ L ~ {at ,j 
Observe that by Bl) and (115), we have 



\e\\ L ~ {St ^\\D*dH\\ LHStii) < \\e\\ L i Lr ^j \\D*dH\\i Hs ^ 

<A^- 2 -||5 2 H||^||^ai7||| 2(Cii) 

< A-5-2 e o A -(l+4.o)(i-i) A -i 

< A" 1 " 260 



A similar estimate, by (117), also holds for the term involving R*. Consequently, 

Mh-(s t , u ) <\- 1 +M{dH) 

as desired. 

Observe also that in the exterior region r > 4, 

W\L-(s t „)<>r 1 +r- 1 \- i °*. (148) 



Going back to proposition 9.9 and applying now the estimate ( p8| ) of proposition 
|l6| we deduce, for i = | + i, 



I Ml 



w(s t> „) < ll^lli»(s t .„)II^IU«(s«.-) + II n-\c{H)\\ Lq(Stu) + -\\dH\\ Lq{St u) + \\e\\U {Stt . 



+ l|e||L,(5, u) \\\D*dH\\ L 2( St ,v) + l|R*ll^(s t , u) 

+ ^" 1 ||0|!!~(S t , tl )+^" 2 |l^l|L^(5 t , u ) 



According to the estimates (112), \\dH \\L 2 (s t u ) S ^ 4e ° < 1. Thus we can absorb 
the term with M into the left hand-side. 



On t he ot her hand, using the transport lemma |6.17 applied to the transport equa- 
tion (147) we infer, 



< 
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t a: ij 2 [ot,u ) 



Applying the bootstrap assumptions Bl), B2), and (111)-(117) we infer that 

< 

+ ^iy iy(t') (l --Mt^- 1 \\dH\\ Lr{Stf ^dA 
+ r'||e[[ i « (Sti . ) ||D^|| ia(c . ) +r 1 -^||e||i, (S4tu) ||e|| £ x £ - 

r(t'f-fK(t>f P - 2 \\dH\\ L ~ {St , u) dt> 



lei 



1 



L i L T a— , , 

r y <" Ju 

2 _ 3 



< A^ £0 +rp~--\\dH\ 



< A" 



as desired. On the right hand-side of the last series of inequalities, for the sake of 
brevity, we have abused the notation using ||/||Li(s t u ) to denote sup t u \\f\\Li(s t „)• 



Using the estimates (144) and (145) for /Jl we are now ready to return to the proof 
of the estimates for r\ 



Now with the help of the established estimates for ^ we shall derive the desired 
estimates for ||??||i2 i0 o and ||7?||i«(5 t „)■ First observe that using using the definition 
(142)-(143) of i/l the div-curl system (141) for r\ takes the form 



4M7?--^) = d4v7r (1) + -8H + e-e, 

2 r 



cv/rl (rj - -jf) 



cv/rl7r 



(2) 



1 



dH + 9 • 9 



We are now ready to apply proposition |l6| to our Hodge system for r\ — i^. Thus, 
for some q > 2, sufficiently close to 2, 



\V - < \ e \\dH\\ L ~ {St u) + r-«\\dH\\ LHStiu) + r 1 -* ||9 2 || L , ( s t , u) 

< A £ ||9ff|Uoo (Stju) + A- £0 ||9|U«. (St _ tt) , 



where we have used the bootstrap estimate || @ ||i«(s , t «•) ^ ^ 2c ° * Furthermore, we 
infer with the help of (|144|) that 



IMU~Cs t .„) < A" 1 + A<(0W) + A £ ||Sff|| i0 o (Stiu) + A- e ° ||e|| £ - (StjU ) 



(149) 



The desired L^L^ estimate follows immediately from the bootstrap assumption 
Bl) and the estimates (111)-(117). 



Consider also the exterior region r > | Observe that, using the estimates (129), 
( 137 ) and ( 148 ) for tr\ — -, X, & already established in the exterior region we infer 



that, 



(150) 
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On the other hand, for i = i + -, 

ll»7-^IU-(St,«) £ A e ||^[U« ( s t „,) + ^ll^[[£P(A,.) 

+lie 2 llL P( s t , ll ) 

Since i = | + | and q > 2, we have 2p < q and the Holder inequality gives 

l|0|!W t , u )^^ f H©llL(5, u )<A- 3£o 

from the bootstrap assumption B2), provided that q is sufficiently close to 2. Thus 
with the help of (112) and the estimate (145) we obtain, 

\\v\\L H s t , u ) < M\\z*&„) + A" 360 < X~ 3eo (151) 

as desired. 

Proof of part 1 of proposition |9.9| We now concentrate on the proof of 
proposition 9.9. We start by expressing the transport equation (140) for // = 
L(trx) — j(trx) 2 — (i»jv + n~ 1 V Niijtrx m a more tractable form. The trouble- 
some terms are LR44 and trxR4343- We shall first eliminate LR44 in exchange for 
more favorable terms. We do this with the help of the twice contracted Bianchi 
identity: 

D v {B. ia/ - i S/u ,R) = 

with R the scalar curvature R = g^R^. Thus, relative to our canonical null 
frame, 

D 3 R i3 + £ 4 R 44 + D A R iA = ^L{R), 

or, 

£> 3 R 44 = -D4R43 + 2D A R 4A - L(R). 

On the other hand, 

-D3R44 = LR-44 — 4r]ARA4 — 2fcATArR 4 4 

-D4R43 = LR43 — 2t7 a R 4j 4 

D A R iA = y A R±A - XAcRcA + k AN R AA ~ ^tr%R 4 3 - ^XR44 



Therefore, 



L(R 44 ) = -i(R 43 + R) + 2f A R iA 



~ (2R 34 + R R44) • trx + Ric • (x, k, rj) 
Using this formula we can rewrite the transport equation for fi in the form: 

L(p) + trx/x = i(w) + 2f A R A 4 + trx(2R 34 + R) - trxR 43 43 
+2{V A - VA)f A ^X - 4x • y?? + O ■ R* + O ■ O ■ O + 9 • Ric + -6 • 9 + \dH, 
where w = R43 + R. Thus 

L(fi - w) + trx(/U - w) = 2f A R Ai + trxR 3 4 - trxR 4 343 + 6 ■ Ric (152) 
+2{r] A - f] A )f A tr X - 4x • fv + © ' R* + © ' © ' © + -6 ' © + \dH 
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Observe that R 34 = ff a/3 R Q3/3 4 = 5R4343 - S AB R A 34B- Also, H AB = -^H 3A4B 
iR 4y i3B + S cd R C adb- Therefore, 

R 343 4 = 2(R 34 + S AB R AB ) + S CD S AB R, 



CADB 

or, since 5 AB 1& AB — R34 + R, using corollary 4.4 for Habcd, 
R 3434 = 2(2R 34 + R) - ckVTr + E, 

where 

\n\<\dH\ and \E\ < \dH\ 2 + \ X \ \dH |. 



Using this we can rewrite ( 152 ) in the form, 

L(n - w) + trx(M - w) = 2y j4 R A4 + trxd4v7r-trx(3R 3 4 + 2R) (153) 

+ 2(iT_ A -ri A )f A tTX-4:X-frj + @- Ric + • R* 

+ Q.Q.e + le.e + l-dH 

Recall that we defined an S'-tangent co- vector i/la as a solution of the Hodge system 

cjAv/1 = /« — w, (154) 
cv/rM = (155) 
We shall now use the commutation formula of lemma I3.5L 



+ ^XkANl^A - XAB^BN^ + ^ABABl^A 

afr\(p4jfi - L(afr\t) = -trxci£lji+ ^ BA XBcfc^A- e BA rC^ B np^ \ 



- e BC XBAk C Nl^A+ G BC 'R-ACABl, 



'A 



Usi ng the transport equation (|152J) and commuting L with d/iv and curl (see lemma 



3.5 ) we can derive the following Hodge system for "p&{jf) 



A4 



44vCP 4 #0 = -Ur X div^ + x-f^ + dH-p 4 i/t+-^v7T 
2 r 

+ 2(7? A - T] A )f A trX -4x-fv + K AB4B tfL A + 2f A R 

- -(3R 34 + 2R) + eRic + eR* + e-L»*ai? 

r 

+ e e -e + ^e -e + ^oh, 

c&l(pAlf.) = -tr^ci/rl^ + 8H ■ p 4 ^+ e BA ? c haXbc 

+ e CB Rab4ci^a + -e • e + e • e • e 

r 

Remark 9.12. We got rid of the dangerous term LCR44). We still need to eliminate 
the terms of the form • J/Q. 



Observe that according to the Codazzi equation 
- 2 f A tr X = ~ 2 



d/ v XA - 7;f A tr X = 77 fc AAftrx - Xbn^bn - Rb4AB- 
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Therefore, 

1 1 B 1 B 

--trxcjiv^ + Xab¥ bI^A = -^^(^X^ + f (xabI^a) + ^ ' f tT X - (f Xab)i^a 

= -y A Qtrx^A - XABl^B^j - ifi Qfcyiwtrx - Xbn^bn - Rb4AB 

Thus 

4v(P^+1^a-Xab^b) = dH-p^+^v7r + 2(ri A -r] A )f A trx-4:X-fv 



2 

2f A K A4 - -(3R 34 + 2R) + 9 Ric + OR* 
Q-D*dH + QQG + -QG + \dH, (156) 



Also, since cv/rl^i = 0, we have 
1 

-1 

2 

= - e AB y A {xB C ^c)+ e AB f A XBc^c 



-tr X cutl^+ e BA f c i/LAXBC =^ BA f^CXBC 



- f A i\^B+XBC^c)+ £ AB ¥ A {tX X )l/iB+ e AB (f A XBc)l^C 



On the other hand, see | Kl-Rc| section 2, f a xbc = J/ 'cXab — R.B4CA + k ■ X- 
Therefore, 



cu'rl(^ + ^Xt^A-XABl/iB) = dH-p 4 ^-2cylrl(x-^+e AB f A (trx)^B 

+ +-o-e + e-e-e (157) 

r 



Observe also, in (156), using Codazzi 



-2r, A f A tr X - ±X AB ■ TbVa = -2r, A f A tT X ~ *f (xabVb) + XabVb 



A (xabVb) + 4t/b Raaba + V ■ X ■ k 



Therefore, 



1 (2 
(^v(p 4 ^+ -trxi^A - XabI^b) = dH ■p 4 ^ + fA2R A 4~ ^XABVB + -tta 

2 

+ 2j lA f A tT:x - ~ (3R 34 + 2R) + 9 Ric + 6R* 

In addition, since r\ = —k A j\r, 



nJ.\"-\=-Y.\[ k AN (tr X - J)) + ( tr x - ^Wa&an) 
Y { [k A N(tr X -^))+e-D*dH. 
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Thus 

1 / 2-2 
<$v(Pai/l + -tix^A - Xab^b) = 9H ■ PaiJl + f A 2R 44 - AxabVb + -tt - 2fc j4JV (trx ] 

2 \ r r 

- -(3R 34 + 2R) + 9 Ric + 6R* + 9 ■ D*dH 
r 

+ e-e-e + ie-e + \dH, 

Since ^7r = and ci/rl/i = 0, the corresponding curl equation takes the following 
final form: 

^(P^ + Utxi/la+Xab^b) = dH-p i i/i-2c^r\(x-^+e AB f A ((tTX-l)^B) 

+ -o-o + e-e-e 

r 



9.13. Estimate for ftrx- 



To estimate ^tr% we commute( taking advantage of the lemma 3.5 ) the equation 
for trx with angular derivatives f. Therefore, 



Pif^X + ^trx^trx = -fRu ~ tr X fk NN - k NN ftr X - 2fx ■ X 
- ^ n_1 y"-(^ tr X 2 + k NN trx + R44) 



Using the transport lemma 6.17 we deduce 

\\?t*xh H s t , u ) < ^£r(i') 2 (||yR44|| i2( 5 t , J +r(tr 1 \\fdH\\ LHSt , j + r{tT 2 \\dH\\ L3(3t , 
+ \\X • n\\LHS t , : j+r(tT 1 \\(dH) 2 \\ LHStl j + \\dH Ric(fl)|| La(St , ,j) dt' 

Consider the most dangerous term -p^^ J u r(i') 2 ||)5 7 R 4 4|| L 2(5 t , -jdt'. We estimate it 
with the help of the estimate (116) and find, 

j\(t') 2 \\fR u \\ L2{St ,jdt' < J* \\?R u \\ L2{St , :U )dt' < X- 1 ^' 
Also, with the help of (115), 

f r(t')\\fdH\\ LKSt , : jdt' < r~i \\fdH \\ L , [Cu) < r"* A"* 
All other terms are easier to treat. Therefore, 

r^WftrxWmSt^Z^X- 1 - 2 ' +\-? + I r(t')? \\x-f x\\L*(s t ,jdt'. 

Ju (158) 



40 



SERGIU KLAINERMAN AND IGOR RODNIANSKI 



It remains to estimate fx- We do this with the help of proposition 6.19 applied to 
the Codazzi equation (37) written in the form (134). Thus 

/ \fxf + \\x\ 2 < I \ytx X \ 2 + \9dH\ 2 + \\dH\ 2 + \Q\* 

J S t „ r J St ., r 



Therefore, 



Wfxhns^) < Wf^xWms^) + WfdH\\ m 



St.u) 



\dH(t)\\ L ^ St ^ + \\e\\lj\\Q\\i t(St>t 



(159) 



for some q > 2. Observe that we can take q sufficiently close to 2 and use the 

— 

already proved estimates (119) to obtain HQHJg^ ) ^ A~ 3e °. In addition, observe 
that by Holder inequality and (118) 



leill-^^lien^^A- 1 -^ 



for all values of q sufficiently close to 2. 
Using ( |159[ ) we estimate, 

r(t')i\\x-fx\\ L * {St , u) dt' < f r(t'^\\x\\ L oo ( s t ,J\fx\\LHs t ,jdt' 



(160) 



sdt' 



K^) 3 llxllL-(s t ,,jliytr X || L2(St , J( 
+ r?{t)\\x\\L*L~ (\\fdH\\ L , {Cu) + \\dH\\ L 2 L ^ + X- 



< 



r{t')n\x\\L^(s t , J\f^x\\LHs t ,^)dt' + T2{t)\ 



Here we have used (111), (115), (118), ( |160D , and the fact that r(t') < cr(t) for all 
t' < i, which follows from the comparison r(t') « t' — u and the monotonicity of 
t' — u along the cone C u . Therefore, returning to (|158|), we obtain, 



r* \\ftex\\L*{s t , u ) < r^X- 1 ' 2 ^ +X-i+ r(t') = ||xlk»(S t , J \\ftr X \\ms t , J dt'. 



Thus, by Gronwall inequality, and the fact that J u ||x||i,<»(s t/ j dt' < ||x||lil°° < 
A _3e °, we infer that 

rHytrxWms^) < rU- 1 - 2 * + A"i (161) 
Consequently, since the time interval [0,i*] obeys < A 1 " 860 , we have 

|| sup \\ftT X \\ LHSt J\ Li <\-^ (162) 

r(t)>| 



This establishes the first part of the estimate (123). 
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9.14. Estimates for L(trx)- 

Recall the relation between i(tr%) and /i 

1 



PL = L(trx) - ^(trx) 2 - (k NN + n 1 N{n))ixx 



Observe also that L(r) = J s tr\- Thus 



,2, If 2 1 f , 2 „ T . 2 1 

£■(-)=— T75 tr ^ = - + ^/ *r X --+2trfc =- + -6 



In addition, |^(trx) 2 — -%| < -9. Therefore, 

|]£(trx - ^)IU=(s t , u) < ||/*IU»(St..) + • e|| i2 (5 t , u ) + IiMlhs^) 

£ l|9|U-(St.«) + IHUs (St ,„) (163) 
Here we have used the Holder inequality combined with the estimate (112): 

||dtf|U 2(St , u) <A- 4£ °. 

It remains to estimate ||Ml|£ 2 (S t u )' We obtain this estimate from the transport 



equation (Bq) for fj, which combined with Corollary 4.7 can be written in the form 



L(ji + R 44 ) +trx(/i + R 44 ) = ey(trx) + eyr; + 2Ar(R 44 ) + e 3 + ie 2 + -^9i? 

+ - Ricfff) + 6 Ric(if) + 0R, + -R* (164) 
r r 



Remark 9.15. In the derivation of (164) we have expressed in the form 

L(R 44 ) - 2iV(R 44 ). 



Using the transport lemma and the estimate (116), f u \\VR44.\\l 3 (S 1 ) dt' < \ 1 2e " , 
we infer that, 

1 '« 



ri 

1 



li=(s t ,„) < ||R 4 4||L 2( 5 t , u ) + ^yy r(t')\\Q\\ L ^s t ,J\fv\\L^s t , : jdt' 



+ ^\\^L^\\r(tTntrx)\\LHc,) + ^ 2 

+ \\®\\%L~\\®hHs t , n ) + \\Q\\% Lr +r(t)-i\\dH\\ L ^ 

+ || Kic(H)\\ LlLr + 11011^(^)11 Kic(H)\\ LlLr (165) 

+ I|0||l?l»I|IMl*(c„) +r(t)-^\\R4 L 2 (Cu) 

~W)!u r{t ' )mL ^'^ mh2 ^'^ dt ' + A_1 + r (*)~*A~* 
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Here we have repeatedly used the Holder inequality, the assumptions on the metric 
(111)-(117), the already proved estimates (118)-(119) for 0, and the estimate;] 



\\r(t'y?(trx)\\L*(c u ) = / \\r(tTftrx\\h {St/ jdt' 



< 



t 



< rit^^X- 1 - 2 ' + r{t) a \-? < r{t) a \- 
following from the estimate for ||y 7 trx||L 2 (s t „) proved in (161). 



On the other hand, -q is the solution of the Hodge system (38)-(39): 

d^v rj = \U + 2k NN tr X - 2|r?| 2 - \x\ 2 - 2k AB XABj - -S AB K Ai3 B, 



The elliptic estimate of proposition 6.19 applied to this div-curl system gives us the 
bound 

\\fv\\L2(S t , u ) + -\\v\\L*(S t , u ) < ||MlU=(S t ,„) + ||©IU«(S t ,„)||©IUa(S t> „) 

+ + ||B.A43B||£»(S t ,«) (166) 

Recall that according to (117), |Ra43S |l 2 (c„) ^ A~2. Thus substituting estimate 
(166) into (165) we obtain 

IHMs t , u ) < / r(t / )||e|U- ( s t , t j||/i|| i »(s t ,.j + ^ + r(f)-*A-* 
We rewrite the above inequality in a more convenient form: 

r{t)Hf*\\v{ 3t , u ) < f \\e\\L^s t ,,jr(t')i \\fi\\ L 2( Sfl j df + r^X- 1 + A~* 

J U 

Since 

/ lieiu-^ j < / ||e||i- < ti neiUji- < a- 4£ °, 

application of Gronwall's inequality yields the estimate 

»•(*)» |MU»(S t .„) ^r^X- 1 + \-i 
Returning to ( 163 ) we obtain 

2 ii 
\\L{tr X - -)\\ms t , u ) < A" 1 + ||e|| i? +r~»A-i 

Similarly to ( |162| ) we then derive the following estimates in the exterior region: 

Hsupll^trx-^IU^jIlL} <A- 3eo (167) 

r>- r 

This proves the first part of the estimate (122). 



19 Constant a can be chosen arbitrarily from the interval (0, 2). Its only purpose is to remove 
the logarithmic divergence at p = 0. 
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To finish the proof of (122)-(123). we first recall that i(f ) = ^ + ±6. Observe 
also that 

L(n(t-u)) = n- 1 L(n)n(t-u)+n(n~ 1 -2b~ 1 ) = -l+2n{b~ 1 -n~ l )^~ 1 L(n)n(t-u) 



According to Corollary 6.10 \b — n\ < sM,(dH). Since by lemmas 6.7, 5.11 the 
quantities r, s, and n(t — u) are comparable, we infer that 

-) = 4 - J „ + -M(dH) + ie 

r) \n[t — u) J r z n z (t — uy r r 

= 2(- + "77^) (- - "77^) + ~(M(dH) + 9) 
r n(t — u) r n(t — u) r 

Thus using Corollary 6.12, (111), and (118) together with the estimate for the 
maximal function we obtain 

II sup -L(-^) h2{St J\ L , < ||i _ ^^||^ ? 

+ ||M(aF)|| £| + ||e|u |i? <A-*- 

The above inequality followed by Holder and (|167|) allow us to conclude that 



4c 



II sup ||L(tr X - -A—)\\ L2{St u) \\ Ll < A~ 3e °, (168) 

r>§ "l 1 "J 

Similarly, 

f(n(t - u)) = n~ 1 f(n)n(t - u) 

and consequently, 

||su P ||y(— i_)|| La(S } || L? < |lsupi||^|| i2(St , u) |U ? < \\dH\\ L ^ 
r >± nyi — u) r> t r 



< A" 



-4c 



Thus we can complement (162) with the estimate 



sup||y(trx-— ^— )\\ms t ,J\Ll < A^ 3eo , (169) 

r > 1 7l\Z — 11) 



It only remains to discuss the weak estimates (124). These are a lot easier to 
prove and can be derived directly from the transport equations for tr% and x( see 
proposition^), in the case of the tangential derivatives ^trx, and from the transport 
equation for rj ( see proposition ||), in the case of L derivative^ 



20 We can express Ltrx in terms of ^r;, sec definition of fj,, and estimate the latter with the 
help of the transport equation for r). 
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